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A relaxation matrix has been calculated for a multipolar AX spin
ystem under the on-resonance spin-locking condition. Auto- and
ross-correlation terms between dipolar, quadrupolar, and CSA in-
eractions are considered. It is shown that the spin-lock leads to many
elaxation pathways being blocked, resulting in a considerably sim-
lified relaxation network. The presence of spectral densities at zero
requency, associated with locked nuclei, allows efficient relaxation
lso in the absence of fast molecular motions. © 1999 Academic Press

INTRODUCTION

Nuclear magnetic relaxation experiments are often use
robing the dynamics of molecules (1, 2). The relaxation ex
eriments that are most common are measurements o

ongitudinal magnetization, either for low-natural abunda
ow magnetogyric ratio nuclear species (such as carbon-
itrogen-15T1 experiments (3)), or proton networks (the nu
lear Overhauser enhancement, NOE, experiments (4)). The

ongitudinal relaxation of heteronuclei mainly carries inform
ion on relatively fast motions. The slow reorientation, suc
n macromolecular species in solution, gives rise to the ho
uclear cross-relaxation or the NOE effect. The NOE mea
ents are, however, in general more effective as a too

tructure determination than for dynamics (4). The dynamic
nformation on slow molecular motions can be character

ore efficiently by applying RF field. Experiments of this ty
uggested originally by Redfield (5), are usually called rota
ng-frame relaxation experiments. General aspects of th
axation in the presence of radiofrequency fields in liquids h
een dealt with by numerous authors (6–12). Two types o
otating-frame relaxation experiments on liquids are comm
ne category comprises the CAMELSPIN (13) or ROESY (for

otating-frame Overhauser enhancement spectroscopy)14),
he rotating frame counterparts of the homonuclear NOE s
roscopy. The other category isT1r measurements for heter
uclei with spin 1

2 (15–18) and with higher spin quantu
umber (6, 19–21). This technique allows one to sample sp

ral densities at frequencies of the order of RF field stren
hus making slow processes effective. Several technique
owing for sampling spectral densities at intermediate freq
ies, utilizing the radiofrequency field positioned off-resona
nc
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rather than at resonance frequency for one of the nu
pecies), have also been proposed (22–25) and found to b

mportant.
A special category of relaxation phenomena which ha

racted much attention are the processes involving tran
etween different types of spin order. These phenomen
ost commonly observed in systems of scalar-coupled
nd require the presence of two or more correlated interac

nvolving nuclear spins and their environment. Also, th
ross-correlation or interference phenomena are influenc
he presence of radiofrequency fields, which again intro
pectral densities (here, the cross-correlation spectral den
t low frequencies (7, 16, 26–30). Moreover, the presence

he radiofrequency fields blocks certain unwanted magne
ion transfer pathways (26, 27, 30, 31). All work on cross-
orrelation effects in systems of coupled spins in the pres
f RF fields has been concerned with systems of nuclei
pin quantum number of1

2, where the relevant relaxation mec
nisms are dipolar and chemical shielding anisotropy (C

nteractions. In this paper, we perform a similar analysis
pin systems containing a spin1

2 (dipolar) nucleus coupled to
igher spin (multipolar) nucleus, where the quadrupolar in
ction is also present.
Werbelowet al. (32, 33) have developed a theory for lo

itudinal relaxation in multipolar AX spin systems, where
as spin1

2 and X is a quadrupolar nucleus. It was shown
ipolar, quadrupolar autocorrelation terms and dipolar, qua
olar cross-correlation terms may change spin order by62 or
ot at all, while quadrupolar-CSA and dipolar-CSA cro
orrelation terms may change spin order by61. Other relate
ork has been concerned with differential line broadenin

he dipolar–multipolar spin systems (34–37), with unusua
ultiplet structure effects caused by the interference of dip
nd quadrupolar interactions (38–40) and with a careful trea
ent (41) of the phenomenon called by Abragam (42) the

scalar relaxation of the second kind.” In this paper, we in
igate AX systems under spin-locking conditions, whe
trong RF field is applied selectively on one of the nucle
imultaneously on both. A slightly different case of weak
elds has recently been considered by Skrynnikovet al. (43);
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327NMR RELAXATION IN MULTIPOLAR AX SYSTEMS
owever, in that work attention was mainly paid to sc
elaxation.

THEORY

The theory presented here is based on two assump
irst, the product of the correlation time of the correspon

nteractions, tc, and RF nutation frequency,v1, is much
maller than unity; the conditionv1tc ! 1 means that the R
eld does not interfere with relaxation processes (42, 44). This
ssumption amounts to replacing the spectral densities a
uencyv1 by spectral densities at zero frequency. Second
F field is applied exactly on resonance and strong enoug

hat all multiplet transitions are effected by the same RF
nd ideal spin lock is achieved. These two assumptions
orrespond to the case, when the dependence of the rela
ehavior on the strength and frequency of the RF fiel
uenched (43, 45).
Evolution of the density operator,s, under relaxation fol

ows

ds

dt
5 2i @H, s# 1 R~s 2 s eq!, [1]

hereH is static Hamiltonian,s eq is the equilibrium densit
perator, andR is the relaxation superoperator. If the sec
pproximation and system without degenerate transitio
onsidered, then the relaxation matrix has a block diag
orm. Populations appear to be decoupled from cohere
he relaxation matrix can be calculated according to

Rmn 5 O
q,m,n

~21! qJm,n~vq!tr $Bm@Tp,2q
m , @Tp,q

n , Bn##%. [2]

m andBn are magnetization modes; they will be introdu
ater for the AX system.Jm,n(v q) is the spectral density an

p,2q
m and Tp,q

n are tensor operators representing interact
esponsible for relaxation (33), p is the rank of the operator
ndq is the order.m andn correspond to quadrupolar, dipol
nd CSA interactions. We assume that scalar relaxation o
econd kind (41, 42) is not efficient. It is normally so, if spi
ocking fields on heteronuclei do not satisfy the Hartman–H
ondition,v1A Þ v1X (43) or if quadrupolar relaxation is n
ery fast, as can be the case for deuterons. Scalar relaxat
r

ns.
g

re-
e
so
d
so
tion
is

r
is
al
s.

s

he

n

of

he first kind and random field interactions were not taken
ccount, since these mechanisms are rarely important

atter mechanism is represented by rank one tensors and
equently, cannot give any interference with rank two ten
Magnetization modes for the multipolar AX spin system

e constructed as a direct product of isolated spin m
32, 33), which in turn are produced from irreducible ten
perators (46) of zeroth order. For the AX system, whe
ucleus A has spinI 5 1

2 and X has spinS 5 1, normalized
agnetization modes are

n1~I ! 5 DK Î2

3
I zL ,

n1~S! 5 DK1

2
SzL ,

n3~IS! 5 K Î1

3
I z~3Sz

2 2 S2!L ,

n2~IS! 5 ^I zSz&,

n2~S! 5 K1

2 Î1

3
~3Sz

2 2 S2!L , [3]

here the indexi in n i corresponds to spin order. The
agnetization modes are associated with combinations o

ine intensities in A and X multiplets (32). Under ideal spin
ocking conditions, the quantization axis is directed along

1 field (7) and, therefore,z in Eq. [3] should be changed tox,
f nuclei are locked along thex axis. The results for spinS .

are similar and are not presented here.

RESULTS AND DISCUSSIONS

The relaxation matrices below have been obtained usin
11 NMR library GAMMA (47). When no RF field i
pplied and only dipolar and quadrupolar interactions are t

nto account, the relaxation of magnetization modes is
cribed by Eq. [4a]. The result is essentially the same as
ound by Werbelowet al.(32), except for common coefficien
n front of spectral densities. This is because we used no
zed magnetization modes in this work. The relaxation ma
as block diagonal form, which reflects the fact that dip
nd quadrupolar interactions may change spin order eith
2, 22, or not at all.
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2
d

dt F n1~I !

n1~S!

n3~IS!

G 5

8
9 JD~v I 2 vS! 2 2

3Î2
3 JD~v I 2 vS! 2 2

9Î2JD~v I 2 vS!

1 8
3 JD~v I! 14Î2

3 JD~v I 1 vS! 1 4
3Î2JD~v I!

1 16
3 JD~v I 1 vS! 2 4

3Î2JD~v I 1 vS!
1
3 JD~v I 2 vS!

2 2
3Î2

3 JD~v I 2 vS! 1JD~vS! 1
3Î1

3 JD~v I 2 vS!

14Î2
3 JD~v I 1 vS! 12JD~v I 1 vS! 22Î1

3 JD~v I 1 vS!

14JQ~vS! 212Î1
3 K D2Q~vS!

116JQ~2vS!
1
9 JD~v I 2 vS!

2 2
9Î2JD~v I 2 vS!

1
3Î1

3 JD~v I 2 vS! 1 4
3 JD~v I!

1 4
3Î2JD~v I! 22Î1

3 JD~v I 1 vS! 13JD~vS!

2 4
3Î2JD~v I 1 vS! 212Î1

3 K D2Q~vS! 1 2
3 JD~v I 1 vS!

112JQ~vS!

3 F n1~I !

n1~S!

n3~IS!

G

2
d

dt Fn2~IS!

n2~S!
G 5

1
3 JD~v I 2 vS!

14JD~v I! 2Î1
3 JD~v I 2 vS!

1JD~vS! 16Î1
3 JD~v I 1 vS!

12JD~v I 1 vS! 212Î1
3 K D2Q~vS!

14JQ~vS!
116JQ~2vS!

2Î1
3 JD~v I 2 vS! JD~v I 2 vS!

16Î1
3 JD~v I 1 vS! 13JD~vS!

16JD~v I 1 vS!

212Î1
3 K D2Q~vS! 112JQ~vS!

3 Fn2~IS!

n2~S!
G [4a]

Autocorrelation of the quadrupolar interaction, in the form of spectral densitiesJQ, contributes only to the diagonal terms, si
t acts on X nuclei and pure spinS rank three order does not exists forS 5 1.

Next, we include also the CSA interaction. In Eq. [4b], we collect the additional terms that this interaction gives
ipolar-CSA and quadrupolar-CSA cross-correlation terms couple magnetizations differing in spin order by unity and t
iagonal form of the relaxation matrix is destroyed. This results in a much more complicated relaxation network, and the
rises to separate contribution from different relaxation pathways.
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2
d

dt 3
n1~I !

n1~S!

n3~IS!

n2~IS!

n2~S!

4

5

4JC~I !~v I! 0 0 28Î2
3 K D2C~I !~v I! 0

0 4JC~S!~vS! 0 24K D2C~S!~vS! 24Î1
3 K Q2C~S!~vS!

0 0
4JC~I !~v I! 28Î1

3 K D2C~I !~v I!
212K D2C~S!~vS!

112JC~S!~vS! 124Î1
3 K Q2C~S!~vS!

28Î2
3 K D2C~I !~v I! 24K D2C~S!~vS!

28Î1
3 K D2C~I !~v I! 4JC~I !~v I!

0
124Î1

3 K Q2C~S!~vS! 14JC~S!~vS!

0 24Î1
3 K Q2C~S!~vS! 212K D2C~S!~vS! 0 12JC~S!~vS!

3 3
n1~I !

n1~S!

n3~IS!

n2~IS!

n2~S!

4 .

[4b]

It is also worth noting that the cross-correlation spectral densities,K(v), in both Eqs. [4a] and [4b] are taken at the frequen
ommon to the two interfering interactions.
A disadvantage of the experiment in the laboratory frame is the absence ofJ(0) or K(0). Different correlation functions fo

rownian motion, reviewed by Woessner (48), have the general form

J~v! 5 O
k

Akt c
k

1 1 ~vt c
k! 2 .

n the absence of fast motions, when the regime (vt c
k) 2 @ 1 is reached for all k, correlation function tends to vanish atv Þ 0.

hus, relaxation becomes in principleinfinitely long for large rigid biomolecules or in the case of viscous media.
One way to overcome these problems is to measure relaxation in the presence of RF field. Equations [5] and [6

elaxation matrices when one of the nuclei, A or X, respectively, is spin-locked. In analogy with Eq. [4], Eqs. [5a] a
ontain the terms arising from the dipolar and quadrupolar interactions and their interference. Equations [5b] and
dditional terms associated with CSA and interference terms involving that interaction.
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2
d

dt F n1~I !

n1~S!

n3~IS!

G 5

16
9 JD~0! 8

9Î2JD~0!

1 4
9 JD~v I 2 vS! 2 1

9Î2JD~v I 2 vS!

1 4
3 JD~v I! 0 1 2

3Î2JD~v I!

1 8
3 JD~vS! 2 2

3Î2JD~vS!

1 8
3 JD~v I 1 vS! 2 2

3Î2JD~v I 1 vS!
1
3 JD~v I 2 vS!
1JD~vS!

0 12JD~v I 1 vS! 0
14JQ~vS!
116JQ~2vS!

8
9 JD~v I!

8
9Î2JD~0! 1 5

9 JD~v I 2 vS!

2 1
9Î2JD~v I 2 vS! 1 2

3 JD~v I!

1 2
3Î2JD~v I! 0 1 1

3 JD~vS!

2 2
3Î2JD~vS! 1 10

3 JD~v I 1 vS!

2 2
3Î2JD~v I 1 vS! 112JQ~vS!

3 F n1~I !

n1~S!

n3~IS!

G [5a]

2
d

dt Fn2~IS!

n2~S!
G 5

8
3 JD~0!

1 1
3 JD~v I 2 vS!

12JD~v I!
1JD~vS! 0
12JD~v I 1 vS!
14JQ~vS!
116JQ~2vS!

JD~v I 2 vS!
13JD~vS!

0 16JD~v I 1 vS!
112JQ~vS!

3 Fn2~IS!

n2~S!
G

2
d

dt 3
n1~I !

n1~S!

n3~IS!

n2~IS!

n2~S!

4

5

8
3 JC~I !~0!

0 0
2 16

3 Î2
3 K D2C~I !~0!

0
12JC~I !~v I! 24Î2

3 K D2C~I !~v I!

0 4JC~S!~vS! 0 0 24Î1
3 K Q2C~S!~vS!

8
3 JC~I !~0! 2 16

3 Î1
3 K D2C~I !~0!

0 0 12JC~I !~v I! 24Î1
3 K D2C~I !~v I! 0

112JC~S!~vS! 124Î1
3 K Q2C~S!~vS!

2 16
3 Î2

3 K D2C~I !~0! 2 16
3 Î1

3 K D2C~I !~0! 8
3 JC~I !~0!

24Î2
3 K D2C~I !~v I! 0 24Î1

3 K D2C~I !~v I! 12JC~I !~v I! 0

124Î1
3 K Q2C~S!~vS! 14JC~S!~vS!

0 24Î1 K Q2C~S!~v ! 0 0 12JC~S!~v !

3 3
n1~I !

n1~S!

n3~IS!

n2~IS!

n2~S!

4 [5b]
3 S S
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2
d

dt F n1~I !

n1~S!

n3~IS!

G 5

8
9 JD~v I 2 vS!

1
9Î2JD~v I 2 vS!

1 8
3 JD~v I! 0 2 2

3Î2JD~v I!

1 16
3 JD~v I 1 vS! 1 2

3Î2JD~v I 1 vS!
2
3 JD~0!

1 1
6 JD~v I 2 vS!

1JD~v I!

1 1
2 JD~vS!

0 1JD~v I 1 vS! 0
16JQ~0!
110JQ~vS!
14JQ~2vS!

2JD~0!

1 5
18 JD~v I 2 vS!

1
9Î2JD~v I 2 vS! 1 1

3 JD~v I!

2 2
3Î2JD~v I! 0 1 3

2 JD~vS!

1 2
3Î2JD~v I 1 vS! 1 5

3 JD~v I 1 vS!
16JQ~vS!
16JQ~2vS!

3 F n1~I !

n1~S!

n3~IS!

G [6a]

2
d

dt Fn2~IS!

n2~S!
G 5

2
3 JD~0!

1 5
6 JD~v I 2 vS!

1JD~v I!

1 1
2 JD~vS! 0

15JD~v I 1 vS!
16JQ~0!
110JQ~vS!
14JQ~2vS!

2JD~0!

1 1
2 JD~v I 2 vS!

13JD~v I!

0 1 3
2 JD~vS!

13JD~v I 1 vS!
16JQ~vS!
16JQ~2vS!

3 Fn2~IS!

n2~S!
G

2
d

dt 3
n1~I !

n1~S!

n3~IS!

n2~IS!

n2~S!

4 5

4JC~I !~v I! 0 0 0 0

0
8
3 JC~S!~0! 0 2 8

3 K D2C~S!~0! 0
12JC~S!~vS! 22K D2C~S!~vS!

4JC~I !~v I! 28K D2C~S!~0!
0 0 18JC~S!~0! 0 26K D2C~S!~vS!

16JC~S!~vS!

2 8
3 K D2C~S!~0! 4JC~I !~v I!

0 22K D2C~S!~vS! 0 1 8
3 JC~S!~0! 0

12JC~S!~vS!

0 0
28K D2C~S!~0!

0
8JC~S!~0!

26K D2C~S!~vS! 16JC~S!~vS!

3 3
n1~I !

n1~S!

n3~IS!

n2~IS!

n2~S!

4 . [6b]
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We notice that the relaxation now depends on contributions from zero-frequency auto- and cross-correlation spectra
adiabatic terms), which do not vanish in the case of large molecules or viscous solvents. These spectral densitie
nteractions associated with the nucleus under lock. Thus, for example,JD(0), JC(I )(0) andKD2C(I )(0), or JD(0), JQ(0), JC(S)(0)
ndKD2C(I )(0) are important when nuclei A or X are locked, respectively. In Eq. [6a], we can also see that for slowly reo
olecules, the relaxation ofn 1(S) andn 3(IS) modes becomes single exponential under spin-lock applied on quadrupolar n
nother important difference between these equations and Eq. [4] is that dipolar–quadrupolar interference is abs
pin-lock. Therefore, in the absence of CSA, modes liken 1(S), n 2(IS), andn 2(S) relax exponentially. Further, in the limit of extrem
arrowing, where all the spectral densities become frequency independent and can thus be taken at zero frequency,

mmaterial which nucleus to lock. Equations [5a] and [6a] are then transformed into

2
d

dt F n1~I !

n1~S!

n3~IS!

G 5 3
80
9 JD~0! 0 1

9Î2JD~0!

0
10
3 JD~0! 0
120JQ~0!

1
9Î2JD~0! 0

52
9 JD~0!
112JQ~0!

4 3 F n1~I !

n1~S!

n3~IS!

G

2
d

dt Fn2~IS!

n2~S!
G 5 3

8JD~0!
0

120JQ~0!

0
10JD~0!

112JQ~0!
4 3 Fn2~IS!

n2~S!
G . [7]

Finally, let us consider the case when both A and X nuclei are spin-locked by the RF field. The results for this
resented in Eqs. [8a] (the effects of dipolar and quadrupolar interactions) and [8b] (the effects of the CSA and its int
ith dipolar and quadrupolar interactions).

2
d

dt F n1~I !

n1~S!

n3~IS!

G 5

16
9 JD~0! 2 4

9Î2JD~0!

1 4
9 JD~v I 2 vS! 1 1

18Î2JD~v I 2 vS!

1 4
3 JD~v I! 0 2 1

3Î2JD~v I!

1 8
3 JD~vS! 1 1

3Î2JD~vS!

1 8
3 JD~v I 1 vS! 1 1

3Î2JD~v I 1 vS!
2
3 JD~0!

1 1
6 JD~v I 2 vS!

1JD~v I!

1 1
2 JD~vS!

0 1JD~v I 1 vS! 0
16JQ~0!
110JQ~vS!
14JQ~2vS!

2
9 JD~0!

2 4
9Î2JD~0! 1 7

18 JD~v I 2 vS!

1 1
18Î2JD~v I 2 vS! 1 5

3 JD~v I!

2 1
3Î2JD~v I! 0 1 5

6 JD~vS!

1 1
3Î2JD~vS! 17

3 JD~v I 1 vS!

1 1
3Î2JD~v I 1 vS! 16JQ~vS!

16JQ~2vS!

3 F n1~I !

n1~S!

n3~IS!

G [8a]
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2
d

dt Fn2~IS!

n2~S!
G 5

2
3 JD~0!

1 1
2 JD~v I 2 vS!

1JD~v I!

1 15
6 JD~vS!

13JD~v I 1 vS! 0
16JQ~0!
110JQ~vS!
14JQ~2vS!

2JD~0!

1 1
2 JD~v I 2 v S!

13JD~v I!

0 1 3
2 JD~v S!

13JD~v I 1 v S!
16JQ~v S!
16JQ~2v S!

3 Fn 2~IS!

n 2~S!
G

2
d

dt 3
n1~I !

n1~S!

n3~IS!

n2~IS!

n2~S!

4 5

8
3 JC~I !~0! 0 0 0 0
12JC~I !~v I!

0
8
3 JC~S!~0! 0 0 0
12JC~S!~vS!

8
3 JC~I !~0!

12JC~I !~v I!
0 0 18JC~S!~0! 0 0

16JC~S!~vS!

8
3 JC~I !~0!

12JC~I !~v I!

0 0 0 1 8
3 JC~S!~0! 0

12JC~S!~vS!

0 0 0 0
8JC~S!~0!
16JC~S!~vS!

3 3
n1~I !

n1~S!

n3~IS!

n2~IS!

n2~S!

4 . [8b]
e
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Again, one has nonvanishing contributions fromJD(0),
Q(0), JC(I )(0), andJC(S)(0). It is also important to notice th
bsence of any interference terms in Eq. [8].
In summary, the present analysis shows that re

tion measurements on multipolar AX spin systems
he presence of an RF field allow one to sample spe
ensities at zero frequency, which give nonvanish
ontributions for systems with slow molecular motions
ddition, the application of spin-lock blocks cert
elaxation pathways, considerably simplifying interpre
ion of the experiments. We believe that this type of ex
ment will turn out especially important for the dynam
tudies of large biomolecules, where fractional2H enrich-
ent is used.
-
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3. J. Kowalewski and L. Mäler, in “Methods for Structure Elucidation
by High-Resolution NMR,” p. 325, (Gy. Batta, K. E. Kövér, and Cs.
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